Introduction
Throughout this paper Σ is a smooth, oriented, closed Riemann surface of genus g, with n punctures and 3g−3+n > 1. Teichmüller space T g,n is the space of conformal structures on Σ, where two conformal structures σ and ρ are equivalent if there is a biholomorphic map between (Σ, σ) and (Σ, ρ) in the homotopy class of the identity map. The moduli space M g of Riemann surfaces can be obtained as the quotient of Teichmüller space by the mapping class group.
Teichmüller space T g,n has its own natural complex structure ( [2] ): T g,n is a complex manifold of complex dimension 3g − 3 + n > 1, and the cotangent space at Σ is identified with QD(Σ), the space of holomorphic quadratic differentials.
There are several interesting metrics defined on Teichmüller space, all have advantages and disadvantages. Among those metrics, two are named after S. Bergman. One of which, we still call it the Bergman metric, comes from the Bergman kernel function of a complex manifold: as a bounded complex domain T g,n carries an invariant Kählerian Bergman metric, defined by the line element
where K(z, ζ) is the Bergman kernal. This Bergman metric is complete on Teichmüller space ( [11] ). The main object of this paper is the second metric which sometimes bears the name of Bergman. It is a Weil-Petersson type metric on Teichmüller space, i.e., it is obtained from duality by a L 2 inner product. We start a systematic study of the geometry of this metric in this paper. In order to distinguish from the first Bergman metric, it may be appropriate to call this metric the L 2 -Bergman metric.
The period map p : Σ → J Σ embeds the surface Σ to its Jacobian J Σ . The pullback metric of the Euclidean metric on J Σ via this period map thus defines the so-called canonical metric or Bergman metric on Σ, denoted by ρ B . This metric ρ B is of nonpositive Gaussian curvature, and when g ≥ 2, the curvature vanishes if and only if the surface is hyperelliptic and only at 2g +2 Weierstrass points ( [18] ), in other words, the Gaussian curvatures characterize hyperelliptic surfaces.
The induced L 2 -Bergman cometric is defined on QD(Σ) by L 2 -norm
thus we obtain a metric on Teichmüller space by duality. This is a Riemannian, Hermitian metric, invariant under the mapping class group. This metric has been studied by Haberman and Jost who showed that it is incomplete ( [10] ). More precisely, with respect to the L 2 -Bergman metric, boundary points of the moduli space M g corresponding to pinching a nonseparating curve on the surface are at infinite distance from the interior, while boundary points of M g corresponding to pinching a separating curve on the surface are at finite distance from the interior. In a sense, the L 2 -Bergman metric "detects" topology of the surface, as a closed separating curve is homologically trivial, while a closed nonseparating curve is homologically nontrivial.
One of the motivations of this study is to compare the L 2 -Bergman metric with more intensively studied Weil-Petersson metric. These two metrics are both defined from duality from L 2 inner products, and they are both incomplete. However, the L 2 -Bergman metric does not depend on the uniformization theorem. The difference between hyperbolic metric (constant curvature −1) and the canonical metric on the surface results in different behavior of the induced L 2 metrics on Teichmüller space. The sectional curvature of the Weil-Petersson is negative ( [23] , [27] ), yet neither bounded away from zero ( [13] [14] ), nor bounded away from negative infinity ( [22] , [14] ), we are yet to understand the curvature properties of the L 2 -Bergman metric.
In this paper, we will firstly investigate the asymptotics of the canonical metric on a Riemann surface. We find that the Gaussian curvatures are not bounded from below, and they are not bounded from above by any negative constant which is independent of the conformal structure, even when the surface is nonhyperelliptic. The following theorem is a natural result of classic techniques on asymptotics of Abelian differentials, and we will prove it in section 2: Theorem 1.1. Let g(Σ) > 2, and (t 1 , τ ) be the pinching coordinates representing deformation corresponding to pinching a nonseparating essential curve γ 1 on Σ, then there exist points on the surface at which the Gaussian curvatures are of the order of log|t 1 |, and points at which the Gaussian curvatures are of the order of O(|t 1 |log 2 |t 1 |).
We will estimate off-diagonal terms of the L 2 -Bergman metric tensors, as a preparation to investigate its curvature properties in a later occasion. The main estimates on matric and its derivatives are contained in propositions in section 3.
We also want to take a first step to a variational approach to the study of the L 2 -Bergman metric. We consider a family of harmonic maps between canonical metrics on a surface and show that the second variation of an energy functional is the L 2 -Bergman metric of two infinitesimal cotangent vectors on Teichmüller space. In the case of varying target metrics, we have the following theorem: This paper is organized as follows. We give a quick exposition of Teichmüller space in §2.1, and discuss the canonical metric on a compact Riemann surface in §2.2, then proceed to compute the asymptotics of its Gaussian curvature and prove theorem 1.1 in §2.3. The L 2 -Bergman metric on Teichmüller space is formally introduced in Section three, where we collect the estimates of the diagonal terms of the metric tensors in §3.1 and estimate off-diagonal terms in §3.2. The calculation of the asymptotics of some derivatives are presented in §3.3. Section Four is devoted to a variational approach to the study of the L 2 -Bergman metric, where we prove theorem 1.2 (varying the target metric) in §4.1 and theorem 1.3 (varying the domain metric) in §4.2.
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The Canonial Metric on a Riemann Surface
We give some background on Teichmüller space, pinching coordinates, Masur's frame of regular quadratic differentials and its modification in §2.1; we introduce the canonical metric on a Riemann surface in §2.2; and then calculate the asymptotics of its Gaussian curvatures in §2.3, where we prove theorem 1.1 as a consequence of our calculation.
Differentials and Pinching Coordinates
The moduli space of Riemann surfaces admits the Deligne-Mumford compactification, and any element of the compactifying divisor is a Riemann surface with nodes, which is a connected complex space where points have neighborhoods complex isomorphic to either {|z| < ε} or {zw = 0; |z|, |w| < ε} ( [1] , [3] ).
We now describe pinching coordinates near the compactification divisor, following [5] , [19] , and the construction of Wolpert ([28] ). Let Σ 0 be a Riemann surface obtained from pinching disjoint, nonhomotopic and noncontractible simple closed curves γ 1 , · · · , γ m on Σ to a point, then Σ 0 has paired punctures a 1 , b 1 , · · · , a m , b m corresponding to the curves γ 1 , · · · , γ m . For simplicity, we assume Σ 0 does not have spheres or tori as components.
Let a j and b j be two paired punctures of Σ 0 , then one node on Σ 0 is obtained by identifying a j and b j . Let D = {z ∈ C : |z| < 1}, and U j and V j be small disjoint neighborhoods of a j and b j , respectively, where j = 1, · · · , m, we have local coordinates z j : U j → D and w j : V j → D such that z j (a j ) = 0 and w j (b j ) = 0.
Given t j ∈ C with 0 < |t j | < 1, we obtain a new Riemann surface with nodes by removing the discs {|z j | < |t j |} and {|w j | < |t j |} and then identifying z j with w j = t j /z j . This is the process of opening the node. Therefore {t = (t 1 , · · · , t m ) ∈ C m : |t j | < 1} forms the complex parameters for opening the nodes.
If we choose a basis of Beltrami differentials
in an open set U ⊂ C 3g−3−m about the origin provides local coordinates for the neighborhood of Σ 0 in T . These parameters (t, τ ) define a local covering for the compactified moduli spaceM g around Σ 0 , and we call them pinching coordinates. For {|t j | > 0}, we have a compact Riemann surface Σ (t,τ ) . In these coordinates, the compactifying divisor D = M g − M g is represented by the equation m j=1 t j = 0. For (t, τ ) near (0, 0), let γ 1 , · · · , γ m be m short geodesics on the surface. Among those curves, we assume γ 1 , · · · , γ m 1 are nonseparating (m 1 ≤ m) while the rest are separating curves. Masur constructed a local frame {φ i } 3g−3 i=1 (t, τ ) of regular quadratic differentials which is holomorphic in the pinching coordinates (t, τ ) and such that
represents the canonical coframe (dt, dτ ) in pinching coordinates ( [19] ). In other words, {φ j dz 2 , φ ν dz 2 } 1≤j≤m;ν≥m+1 is a basis dual to the basis formed by {∂/∂t j , ∂/∂τ ν } 1≤j≤m;ν≥m+1 . By [19] , on U j , for 1 ≤ i ≤ m and ν ≥ m + 1,
where m(k) ≥ 0, and a −1 with at most a simple pole at z j = 0 and a k is holomorphic in t and τ for k ≥ 1. And
where m ′ (k) ≥ 0, and φ ν (z j , 0, 0) has at most a simple pole, functions b k = b k (t, τ ) and c k = c k (t, τ ) are holomorphic around 0. We have similar formulas for regular quadratic differentials on V j in (w j , t, τ ) coordinates. Therefore, for 1 ≤ i = j ≤ m, and if K is any compact set on the surface that contains no singularity, we find that for 1 ≤ j ≤ m:
where
For the purpose of studying the L 2 -Bergman metric, Habermann and Jost ([10] ) modified Masur's local frame to obtain a new coframe {ψ j dz 2 , ψ ν dz 2 } 1≤j≤m;ν≥m+1 :
where functions λ jk (t, τ ) are holomorphic in (t, τ ) while λ jk (0, 0) = δ jk if j > m. We notice that each node corresponds to three quadratic differentials: one differential corresponds to the t-direction while two other correspond to change of the position of the paired punctures associated to this node. Therefore from (4), we have, for 1 ≤ j ≤ m:
The Canonical Metric
We now introduce the canonical metric on a Riemann surface, and investigate the asymptotic behavior of its Gaussian curvatures.
On a compact Riemann surface Σ of genus g > 1, the dimension of the space of Abelian differentials of the first kind, or holomorphic one forms, is g. There is a natural pairing of Abelian differentials defined on this space:
basis of Abelian differentials, normalized with respect to the A-cycles of some symplectic homology basis {A i , B i } 1≤i≤g , i.e., A i ω j = δ ij . Thus the period matrix Ω ij = B i ω j . One finds that, since not all Abelian differentials vanish at the same point according to Riemann-Roch, the period matrix is then symmetric with positive definite imaginary part:
The canonical metric ρ B on surface Σ is the metric associated to the (1, 1) form given by
. It is not hard to see that this metric is the pull-back of the Euclidean metric from the Jacobian variety J(Σ) via the period map ( [7] ).
Remark 2.1. It is easy to see that the area of the surface Σ with respect
to the canonical metric is a constant, i.e., Σ ρ B = g. Sometimes the canonical metric is also refered to ρ B g to unify the surface area. Lewittes ([18] ) showed that, when g ≥ 2, the Gaussian curvature K c satisfies K c ≤ 0 and K c (p) = 0 for some p ∈ Σ if and only if Σ is hyperelliptic and p is one of the 2g + 2 classical Weierstrass points of Σ. One can perturb this metric to obtain a metric of negative curvature on a compact Riemann surface in an elementary fashion, without using the uniformization theorem (see [9] ).
As in §2.1, let (t, τ ) = (t 1 , · · · , t m , τ 1 , · · · , τ 3g−3−m ) be the pinching coordinates, and Σ 0 be the surface corresponding to pinching m short curves γ 1 , · · · , γ m on Σ, moreover, the curves γ 1 , · · · , γ m 1 are nonseparating with 1 ≤ m 1 ≤ m. Now we have paired punctures
We adapt some notations from [10] , defining sets:
Let ρ 0 B be the canonical metric on Σ 0 and ρ B (t, τ ) be the canonical metric on the surface Σ (t,τ ) , we define ρ j (z j , t, τ ) by [25] , also [10] )
and when
• For z j ∈ B j,t j and m 1 ≤ j ≤ m, we have
We note here the pinching region corresponding to a nonseparating node becomes long and thin, so the above proposition actually compares the canonical metric to a flat long and thin cylinder for z j ∈ B ′ j,t j . Jorgenson ([15] ), Wentworth ([25] ), and others.
Remark 2.3. There is a so-called Arakelov metric on a Riemann surface whose Gaussian curvature is proportional to the canonical metric, studied by

Asymptotics of the Gaussian Curvatures
We now calculate the Gaussian curvatures K c of the canonical metric on degenerating surface Σ where various simple closed curves are shortening. Without loss of generality, at this point, we assume the genus g > 2 and there is exactly a nonseparating simple closed curve γ 1 is shortening.
Let (t, τ ) = (t 1 , τ 1 , · · · , τ 3g−4 ) be the pinching coordinates in this situation. We note that different t means different conformal structure. To consider asmptotics of the Gaussian curvatures K c , we fix t 1 , hence fix conformal structure on Σ, then study how K c depends on t 1 .
The Gaussian curvature is given by
Theorem 2.4. Let g > 2, and z ∈ B ′′ 1,t 1 = {z : Proof. We assume meromorphic 1-forms ω 1 (t 1 , τ ), · · · , ω g (t 1 , τ ) form a basis for the regular one forms on surface Σ (t 1 ,τ ) , for (t 1 , τ ) near (0, 0).
Let A = (a ij ) 1≤i,j≤g be the inverse matrix of ImΩ(t 1 , τ ), where Ω is the period matrix for the basis ω 1 (t 1 , τ ), · · · , ω g (t 1 , τ ), then the canonical metric can be written as
The asymptotics of the period matrix has been extensively studied by Fay ([8] ), Yamada ([29] ), and others. One finds that ( [8] or [29] ), when the surface is developping a single, nonseparating node,
where c −1 = 0, c 0 , c 1 are constants independent of t 1 . Therefore, one can write
with b 11,−1 (0, τ ) = 1, and b i1,−1 (0, τ ) = 0 for 1 < i ≤ g, and b i1,k (t 1 , τ ) are holomorphic in both t 1 and τ . Therefore, a straightforward calculation shows that the Gaussian curvature is
One notices that ρ B is bounded independent of t 1 in B ′′ 1,t 1 , as indicated in (6) . Also one recalls that the matrix ImΩ is symmetric, positive definite, with positive diagonal terms, hence its inverse matrix A = (a ij ) satisfies:
Therefore, using these estimates, we have
Now using the expansion (8) and above estimates on A = (a ij ), one finds that, in this region B ′′
Here b j1,0 (t 1 , τ ) is the constant term in the expansion (8) of ω j1 where j = 1, k = 0, so |b j1,0 | is bounded (not zero), independent of t 1 , since ω j (t 1 , τ ) is close to a basis element on the space of regular one forms on a surface of genus g − 1 when t 1 is sufficiently small, for j = 1 (see [8] or [29] ). And |b 11,−1 (t 1 , τ )| is bounded (positive), indendent of t 1 , as b 11,−1 (0, τ ) = 1 and b 11,−1 (t 1 , τ ) is holomorphic in t 1 and τ . Therefore,
where z ∈ B ′′ 1,t 1 = {z : |log|t 1 || −1/2 < |z| < 1}. Thus, we have
• |K c (z, t 1 , τ )| is bounded when z is close to the outer circle |z| = 1;
• |K c (z, t 1 , τ )| ∼ |log|t 1 ||, when z is close to the inner circle |z| =
This completes the proof. 
Theorem 2.6. Let g > 2, and z ∈ B ′ 1,t 1 = {z :
Proof. From formula (5) (9) and following the calculation in proving theorem 2.4, we find that
• |K c (z, t 1 , τ )| ∼ |log|t 1 || when z is close to the outer circle |z| = |log|t 1 || −1/2 ;
• |K c (z, t 1 , τ )| = O(|t 1 |log 2 |t 1 |) when z is close to inner circle |z| = |t 1 |. 
We end this section with a brief discussion of the case where a single separating closed curve on Σ is shortening. A such node will then disconnect the surface into two components Σ 1 and Σ 2 , with g(Σ 1 ) + g(Σ 2 ) = g(Σ). Since we are still assuming none of the limiting components are torus or sphere, we actually assume g(Σ) ≥ 4.
In this case, one notices that, from formula (7), the metric ρ B stays bounded. Meanwhile, the upper g(Σ 1 ) × g(Σ 1 ) block of the matrix ImΩ is approaching ImΩ 1 , and the lower g(Σ 2 ) × g(Σ 2 ) block of the matrix ImΩ is approaching ImΩ 2 , where Ω 1 and Ω 2 are period matrices of the surfaces Σ 1 and Σ 2 , respectively, for small (t, τ ).
As we follow the proof of theorem 2.4, for the basis of meromorphic abelian differentials {ω 1 , · · · , ω g } and their expansions in (8), we find that b i1,−1 (0, τ ) = 0, and b i1,−1 (t 1 , τ ) are holomorphic in t 1 and τ , for all 1 ≤ i ≤ g. Then it is easy to see that the Gaussian curvatures stay bounded, independent of t 1 .
The L 2 -Bergman Metric
In this section, we move to the level of Teichmüller space and the induced metric from the canonical metric on the surface. We will estimate asymptotic behavior of the L 2 -Bergman metric tensors as a preparation to calculate the curvature properties.
Asymptotics of the Diagonal Terms
The Weil-Petersson cometric on Teichmüller space is defined on the space of holomorphic quadratic differentials QD(Σ) by the L 2 -norm:
where σ|dz| 2 is the hyperbolic metric on Σ. By duality, we obtain a Riemannian metric on the tangent space of T g . The L 2 -Bergman metric on T g is similarly defined by duality from the L 2 -norm
be the cometric tensor of the L 2 -Bergman metric for the modified coframe {ψ j dz 2 , ψ ν dz 2 } 1≤j≤m;ν≥m+1 defined in §2.1. We denote B αβ as the L 2 -Bergman metric tensor. Here m is the number of disjoint "essential" (nonhomotopic and noncontractible simple closed) curves (denoted by γ 1 , · · · , γ m ) on Σ are shortening. Again, for simplicity, we assume the resulting surface has no spheres or tori as components. We order these curves so that γ 1 , · · · , γ m 1 are nonseparating curves with 1 ≤ m 1 ≤ m, while the rest are separating.
The next proposition, due to Haberman and Jost, contains estimates on the L 2 -Bergman metric tensor on M g near the infinity. 
• For m 1 < j ≤ m,
From (14), one can see that the L 2 -Bergman geodesic in Teichmüller space to the infinity corresponding to pinching a separating closed short curve on the surface has finite length, i.e.,
Corollary 3.2. ([10]) The L 2 -Bergman metric is incomplete, with infinite diameter.
We note that the injectivity radius of Teichmüller space with respect to the L 2 -Bergman metric has no positive lower bound. This can be easily seen from (14) . For a compact Riemann surface Σ of genus at least 4, a quick way connecting Σ to the infinity is to pinch a separating closed curve. This L 2 -Bergman geodesic on Teichmüller space has length of the order of O( |t j |), where t j → 0 indicates the shortening of the corresponding curve γ j , for m 1 < j ≤ m.
Off-Diagonal Terms
In this subsection, we estimate off-diagonal terms B ij and B ij for small (t, τ ), where 1 ≤ i = j ≤ m, and (t, τ ) are the pinching coordinates. Recall that the modified coframe is {ψ j dz 2 , ψ ν dz 2 } 1≤j≤m;ν≥m+1 , cometric tensor is denoted by B αβ = Σ (t,τ )
, and the corresponding metric tensor is denoted by B αβ . Proposition 3.3. For small (t, τ ), with Π m j=1 t j = 0, we have
• For
Proof. To show (17), we recall from formula (4) that on B i,t i , we have
And from (5) and (6), we recall sets
Besides (5) and (6), one has an estimate of the canonical metric on B j,t j for small (t, τ ) and 1 ≤ j ≤ m 1 : there exists c j > 0 such that ( [10] )
Now for 1 ≤ i = j ≤ m 1 , one wants to calculate
Using formula (4) and K being compact, one quickly finds that
formulas (4) and (20) imply that
To calculate integrals I 2 and I 3 , using (4), (5), and polar coordinates in
by switching the positions of i and j, this proves the first part of (17) .
One can obtain the second part of (17) by inverting the matrix
B iī , by formula (11) and our estimate on B ij , we complete the proof of (17) .
To show (18), now we assume 1 ≤ i ≤ m 1 < j ≤ m. Similar to above calculation, we split B ij into 4 integrals:
Again, combining (4) and (20), with K being compact, one finds
The calculation for I 1 is identical to the case when 1
Now, using polar coordinates in B j,t j , one calculates
proving the first part of (18) . One inverts the matrix {B kl } 1≤k,l≤3g−3 again, and uses formulas (11) and (14) to complete the proof of (18). Now we are left to prove (19) . Let 1 ≤ m 1 < i = j ≤ m in this case. Again, one splits B ij into four integrals as in above argument, among which we have |I 3 | = O(|t i t j |), and
Using polar coordinates in B j,t j and B i,t i , and applying formula (14) , one finds that
Thus B ij = O(|t i t j |max(|log|t i ||, |log|t j ||)). Inverting the matrix of the metric tensors completes the proof of (19).
Some Derivatives
In this subsection, we start to calculate the asymptotics of some derivatives of the L 2 -Bergman metric tensor.
We still use {ψ j dz 2 , ψ ν dz 2 } 1≤j≤m;ν≥m+1 as the modified Masur's frame, and (t, τ ) = (t 1 , · · · , t m , τ ) are the pinching coordinates. Recall that the canonical metric on the surface is given by ρ B (z, t, τ ) = g k,l=1 a kl ω k (z)ω l (z), as in the proof of theorem 2.4. Therefore, for 1 ≤ j ≤ m, we have
We now proceed to show Proposition 3.4. For small (t, τ ) with Π m j=1 t j = 0, we have,
Proof. As in formula (8), we write, always assuming 1 ≤ j ≤ m 1 ≤ m in this proof, that
with b jj,−1 (0, τ ) = 1, and b ij,−1 (0, τ ) = 0 for 1 < i ≤ g, and b ij,k (t, τ ) are holomorphic in both t and τ . Hence a straightforward calculation shows that
Appying this to (21) , together with the asymptotics of a kl , to find
Now we recall that
, and
If K ⊂ Σ is a compact subset not containing any nodes, then
is bounded independent of (t, τ ), for (t, τ ) small. We recall that B ′
. Now we use polar coordinates to calculate
where we recall B ′′ j,t j = {z : |log|t j || −1/2 < |z| < 1}, and ρ B is bounded in B ′′ j,t j . Now using (22) and polar coordinates, we find
Therefore, these calculations show that
and we then finds that
This completes our proof.
We now look at the next derivative.
Proposition 3.5. For small (t, τ ) with Π m j=1 t j = 0, we have,
Proof. We need to estimate the following three integrals:
The calculation in the compact part K = Σ\ j A j,t j is trivial, where we recall A j,t j = {z : |t j | < |z| < 1}. In this proof, we still assume 1 ≤ j ≤ m 1 ≤ m. We will estimate these integrals in B ′ j,t j and B ′′ j,t j . To start with, we calculate
and
Now it will be desirable if I 2 and I 3 are of smaller order. Indeed, from (22), we find
This indicates that |I 6 | = O(1).
To estimate I 7 , we recall that
, and from (21),
Therefore, from (22) , the estimates a jj ∼ |log|t j ||, and also
, it is not hard to calculate that
From this, we calculate that
This shows that I 7 = O(|t j log|t j ||). Together with previous estimates on I 5 and I 6 , we find that B jj jj = ∂ 2 B jj ∂t j ∂t j ∼ log 2 |t j |. Now we can calculate that
This estimate on the second derivatives of the metric tensor is not sufficient to conclude if the sectional curvature of the L 2 -Bergman metric is bounded. The lack of a curvature tensor formula like TrombaWolpert's formula for the Weil-Petersson metric prevents us to obtain a finer estimate.
A Variational Approach
In this section, we postpone the calculation of the various geometric properties of the L 2 -Bergman metric. Instead, we turn our attention to a geometric variational approach to the study of this metric. We quickly recall some fundamental facts on harmonic maps between compact Riemann surfaces with canonical metrics, then fix domain metric to study the variations of the energy functionals corresponding to a family of harmonic maps for varying target metrics. Theorem 1.2 is shown in §4.1. We then fix target metric and vary the domain metric, this study leads to the proof of theorem 1.3 in §4.2.
Varying the Target
The method of harmonic maps has been a great computational tool in Teichmüller theory. In the case of hyperbolic metrics on a compact Riemann surface, the second variation of the energy of the harmonic map w = w(σ, ρ), with respect to the domain metric σ (or target metric ρ) at σ = ρ, yields the Weil-Petersson metric on T g ( [24] , [26] ). One can also establish Tromba-Wolpert's curvature tensor formula of the Weil-Petersson metric from this method ( [16] , [26] ). For a Lipschitz map w : (Σ, σ|dz| 2 ) → (Σ, ρ|dw| 2 ), where σ|dz| 2 and ρ|dw| 2 are metrics on Σ, and z and w are conformal coordinates on Σ, one follows some notations of Sampson ([20] ) to define
Then the energy density of w is simply e(w) = H + L, and the total energy is then given by E(w, σ, ρ) = Σ eσ|dz| 2 , which depends on the target metric and conformal structure of the domain. The map w is called harmonic if it is a critical point of this energy functional, i.e., it satisfies Euler-Lagrange equation:
The (2, 0) part of the pullback w * ρ is the so-called Hopf differential:
It is routine to check that w is harmonic if and only if φdz 2 ∈ QD(Σ), and w is conformal if and only if φ = 0.
One also finds that
and the Jacobian functional is J(z) = H(z) − L(z). Now assume both σ and ρ are canonical metrics on surface Σ (then they represent two different conformal structures unless they are biholomorphic). Since the target surface (Σ, ρ) has negative Gaussian curvatures almost everywhere, with possibly finitely many flat points, the classical theory of harmonic maps guarantees that there is a unique harmonic map w : (Σ, σ) → (Σ, ρ) in the homotopy class of the identity, moreover, this map w is a diffeoemorphism with J > 0 and H > 0 ( [6] , [12] , [20] , [21] , also [4] , [17] ).
Consider a family of harmonic maps w(t) : (Σ, σ) → (Σ, ρ(t)) between canonical metrics, where w(t) varies real analyticaly in t for |t| < ǫ, and ρ(t) is a family of canonical metrics with ρ(0) = σ, therefore w(0) = z. Associated Hopf differentials are given by φ(t)dz 2 = ρ(t)w z (t)w z (t)dz 2 with φ(0) = 0.
For the purpose of the local calculation at t = 0, we notice that the map φ(t) : T g → QD(Σ), which sends ρ(t) to φ(t), is a local diffeomorphism at t = 0. To see this, we take t-derivative on φ(t) at t = 0, combined with the fact that w(0) = z, to find that
dt β | t=0 as infinitesimal holomorphic quadratic differentials. For this family of harmonic maps w(t), we consider the variations of the corresponding energy E(t) near t = 0, i.e., we show theorem 1.2 in following equivalent form:
Proof. The total energy is
since the area of the surface is g.
Thus E(t) reaches its global minimum g at t = 0 as we recall that H(0) = 1 and L(0) = 0. We then take t α -derivative of the equivalent form of formula (23): H(t)L(t) = φ(t)φ(t) σ 2 , at t = 0, to find that
The righthandside is zero as
dt α | t=0 . Then it is easy to see that t = 0 is also a critical point of E(t) as
, and assign similiar meaning for
Remark 4.2. This is not exactly a result parallel to the case of the Weil-Petersson metric ( [26] ) because of the lack of a homeomorphism result here.
In the case when all metrics σ and ρ(t) are hyperbolic, one can show H α ≡ 0 and H αβ = D( φαφ β σ 2 ), where D = −2(∆ σ − 2) −1 is a compact, self-adjoint operator. This operator appears again in the Weil-Petersson curvature tensor formula of , [27] ).
In the proof of theorem 4.1, we do not need to calculate H α , nor H αβ . We will nevertheless conclude this subsection with calculation on H α and H αβ .
We write K(t) = K(ρ(t)) = − 1 2 ∆ ρ logρ as the Gaussian curvature of the metric ρ(t), and assign obvious meaning to K α and K αβ . Since K(σ) ≤ 0 and is negative everywhere except possibly finitely many points, it is not hard to see that the operator ∆ σ + 2K(σ) is invertible on (Σ, σ), and we denote D B = −2(∆ σ + 2K(σ)) −1 . We note that this operator D B is not self-adjoint for L 2 functions, while −K(σ)D B is. In the case of constant curvature −1, they coincide with D = −2(∆ σ −2) −1 .
Varying the Domain
In this subsection, we consider a family of harmonic maps between fixed target metric and varying domain metrics.
Again, since the target metric is negatively curved (except possibly finitely many flat points), we know the existence and uniqueness of such a harmonic map in the homotopy class of the identity, and this map is a diffeomorphism. In other words, let w(s) : (Σ, σ(s)|dz| 2 ) → (Σ, ρ|dw| 2 ) be this family of harmonic maps near the identity map, where w(s) varies real analytically in s for |s| < ǫ, and σ(s) is a family of canonical metrics with σ(0) = ρ, therefore w(0) = z. Associated Hopf differentials are given by φ(s)dz(s) 2 = ρw z (s)w z (s)dz(s) 2 with φ(0) = 0.
For s = (s a , s b ), similar to last subsection, we denote φ a = ∂φ(s) ∂s a | s=0 and φ b = ∂φ(s) ∂s b | s=0 , and assign similar meanings to H a , and L ab , etc. We note again H(0) = 1 and L(0) = 0.
We will look at formulas (23) We apply L(0) = L a = Lb = 0 to find
and this completes the proof of theorem 4.4.
We end this subsection with a calculation on H a . Let K(s) = − Therefore (∆ ρ + 2K(ρ))(H a ) = 2K a , proving the Proposition.
